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Introduction 
A d-web W(d, n, T) is given in an open domain D of a differentiable manifold X”’ 
of dimension nr by d foliations Xt, [ = 1,. . . , d, of codimension T in D if the tangent 
r-planes to the leaves (web surfaces) of Xt through a point in D are in general position. 
1 
If the foliations Xc are determined by completely integrable systems 7” = 0, i = 
7’ * * 9 T, then the equation of the form 
a! 
c 
A. &l~ 
c 21...aq 
. . . A waq = 0 
t t 
7 
(=I 
where the coefficient function Ai,.,.;, is constant on the leaves of the [th foliation Xt, 
is said to be an abeEian q-equa&n [23]. The maximum number of linearly independent 
abelian q-equations is called the q-rank of the web W(d, n, T). 
There are two fundamental problems in web geometry: 
1. Finding an upper bound for the q-rank. 
2. Determination of the maximum q-rank webs. 
Both problems were solved for webs W(d, 2,1) and W(d, 3,1) (in these cases there 
is only one possible value for q: q = 1) as well as for d-webs of curves in a three- 
dimensional space during intensive development of web geometry in the 1930’s (see [3] 
where one can find further references). 
The first problem was solved for the webs W(d, n, 1) by S. S. Chern [5] in 1936. In 
1978 S.S. Chern and P.A. Griffiths solved the second problem for so-called normal 
webs W(d,n, 1) (see [7] and [9]). D. D amiano in [lo] solved both problems for d-webs 
of curves in an n-dimensional space taking into consideration abelian (n - 1)-equations. 
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The first problem was solved for the webs W(d,n,r), T > 1, and q = T by S.S. 
Chern and P.A. Griffiths [8]. The author (see [20]) recently found another formula 
for an upper bound for the r-rank of the webs W(d, n, T) similar to that for the webs 
W(d, n,2) in [8]. Both problems were solved by the author for so-called scalar (in 
another terminology almost Grassmannizable [l]) webs W(d,2,r) in the case q = 1 
(see [15] and for the definition of almost Grassmannizable webs see [1,2,25,19,22]) 
and for general webs W(d, 2, T) in the case q = T (see [14,19,22]). J.B. Little [25], 
following the paper [8], p roved, for any r > 2, that if the web W(d, n, T) is of maximum 
r-rank and d > r(n - 1) + 2, then the web normals are (T - l)-dimensional generators 
of a rational normal scroll in the projectivized tangent space to the web domain. (This 
theorem was formulated by Chern and Griffiths in [8] and proved by them in the case 
T = 2). This theorem allows him to prove that webs of maximum r-rank, as in the 
theorem, are almost Grassmannizable. The last result (partially) gives an affirmative 
answer on a problem posed by the author (see [27]) whether every web W(d, n, T) of 
maximum r-rank is almost Grassmannizable. 
Chern and Griffiths (see [7] and [9]) proved that so-called normal webs W(d, n, 1) of 
maximum l-rank are algebraizable, if n > 3, d > 2n + 1, i.e. they are equivalent to the 
algebraic webs W(d, n, 1) arising naturally from projective algebraic varieties. Chern 
in [6] indicated that “the determination of all webs of maximum rank will remain a 
fundamental problem in web geometry and the non-algebraic ones, if there are any, 
will be most interesting”. 
In [19] (see also [16] and [22]) it was proved that almost Grassmannizable webs 
W(d, 2,2) are of maximum 2-rank if and only if they are algebraizable and that (in 
principle) there are non-algebraizable (exceptional) webs among webs W(4,2,2) of 
maximum 2-rank. 
It was known, that in the plane there exists at least one exceptional (non-algebra- 
izable) web W(d, 2,1) of maximum l-rank-the famous Bol 5-web of rank 6 formed 
in the plane by four pencils of straight lines and l-parameter family of tonics passing 
through the four centers of the pencils (see [4]). Until recently, it was not known 
whether any exceptional webs of codimension r > 1 exist. The author in three papers 
([16,17,18]; see also [19]) h as exhibited examples of exceptional webs W(4,2,2) of 
maximum 2-rank one, which are not algebraizable. J.B. Little [25] proved that there 
exist non-algebraizable webs W(2n, 2, n) of maximum 2-rank one, for all n > 2. This 
gave (in principle) a way of construction further exceptional webs W(2n, 2, n) although, 
according to J. B. Little, his construction of exceptional webs is much less explicit than 
the author’s construction. 
In the present paper we study the rank problems for a web W(6,3,2), i.e. we take 
d = 6, n = 3, T = 2. In addition, to simplify calculations we consider only almost 
Grassmannizable webs AGW(6,3,2). By Chern and Griffiths’ bound (see [8] or [22]), 
the maximum 2-rank of such a web is 7r(6,3,2) = 1. The reason for study of the rank 
problems for these webs is that this is the first case when n > 2 and T > 1, and the 
maximum 2-rank webs W(6,3,2) are excluded from the main theorems in the papers 
of Chern and Griffiths and Little (Theorem II in [8] and Theorem 1 in [25]) where a 
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necessary condition for maximum rank webs was established. Theorem 4.1 gives nec- 
essary and sufficient conditions for a web AGW(6,3,2) to be of maxinum 2-rank. Note 
that it is the first known necessary and sufficient conditions for a maximum rank web 
of codimension higher than one. As noted above, the papers [8] and [25] have only nec- 
essary conditions. In addition, Theorem 4.1 shows that even almost Grassmannizable 
webs AGW(6,3,2) f o maximum 2-rank are not necessarily algebraizable. 
In Section 1 the basic notions and equations for webs AGW(6,3,2) given by six 
foliations of codimension two on a six-dimensional manifold X6 are introduced. In Sec- 
tion 2 the analytical conditions for a web AGW(6,3,2) to be of maximum 2-rank are 
found, Four different geometric descriptions are given for the main of these conditions 
(Theorem 2.2) and the necessary and sufficient conditions, some in geometric and some 
in analytical terms, are established for maximum 2-rank webs AGW(6,3,2) (Theorem 
2.4). In Section 3 the maximum 2-rank webs AGW(6,3,2) with constant basis affi- 
nors are considered. Their description is obtained in pure geometric terms (Theorem 
3.1). It is proved that if an isoclinicly geodesic 4-web W(4,3,2) is extended to a web 
AGW(6,3,2) with constant basis affinors, then the latter web is of maximum 2-rank 
one. 
In Section 4 we give a description of the general maximum 2-rank webs AGW(6,3,2). 
It is proved there that there are two types of such webs: the simple webs AGW(6,3,2) 
of maximum 2-rank (they do not possess transversal subwebs W(6,3,1)) necessarily 
have constant basis affinors, and therefore their description is given by Theorem 3.1, 
and the general webs AGW(6,3,2) of maximum 2-rank: they are isoclinicly geodesic, 
admit transversal subwebs W(6,3, l), h ave a special structure of the torsion tensor, 
their basis affinors and a co-vector defining the subweb W(6,3,1) are solutions of a 
completely integrable system of differential equations, they satisfy one of the conditions 
listed in Theorem 2.4 and the connection forms of the affine connection 7 (which should 
be equiaffine for them) have a simpler form. 
1. Codimension 2 webs on a 6-dimensional differentiable manifold 
1.1. Basic notions and equations 
In an open domain D of a differentiable manifold X6 of dimension 6 a 6-web 
W(6,3,2) of codimension 2 is given by 6 codimension 2 foliations Xt, 6 = 1,. . . ,6, if 
the tangent 2-planes to the leaves Vt C Xt through a point in D are in general position. 
- Two webs W(6,3,2) and W(6,3,2) are equivulent to each other if there exists a 
local diffeomorph>m 4 : D + 5 of their domains transferring the foliations of W into 
the foliations of W. 
The foliations X,+ 6 = 1, . . . ,6, of the web W(6,3,2) can be given by 6 completely 
integrable systems of Pfaffian equations 
$ = 0, t= l,..., 6, i= 1,2, (1.1) 
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where the forms yi, Q = 1,2,3, are the basis forms of the manifold X6 and 
(see [19] or [22] for webs W(d,2,r)), where the quantities Ai, i,j = 1,2, form an 
(1, 1)-tensor for any a = 5,6 and & = 1,2, and these 4 ten&s ? j are distinct and 
satisfy some additional conditions. They are called the basis afinor?of a web W(6,3,2) 
(cf. [19,22]). 
The subject of this paper is studying maximum a-rank almost Grassmannizable webs 
AGW(6,3,2). For the latter webs we have (cf. [15]): 
x I = x c$, 
Ca&J a& a = 5,6, B = 1,2. 
Using equations (1.4), we can write equations (1.3) in the form: 
-wi = ,1 yi t ,x, l$ t $, a = 5,6. (1 
(1.4) 
(1.5) 
The coefficients ,1 and aX, in (1.4) satisfy the inequalities which are implied by the 
fact that the system of equations (1.1) and (1.4) must be solvable with respect to any 
six forms 
In other words, the 6 by 6 matrix 
where E is the 2 by 2 identity matrix and 
x 0 
A= air 
ah ( ) 0 x a& 
are 2 by 2 matrices from (1.5) as well as its 4 by 4 submatrices 
and the 2 by 2 submatrices A, a, b = 5,6; &,b = 1,2 are non-singular. This implies a& 
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the following inequalities for X : 
a& 
x x 
51 52 = 
x x 
61 62 
1 1 1 
51 ,x, 1 = (,1 - 1)(,x, - 1) - (,x, - l)(A - 1) f 0. 
x x 1 
61 62 
(l-6) 
Note that the last inequality is equivalent to the inequality 
XX-~~#~+A-~-& 
51 62 62 
There are other conditions for the components X , a = 5,6; (Y = 1,2, of the basis affi- 
nor which follow from the fact that, according to?he definition of a web AGW(6,3,2), 
the foliations Xt, 6 = 1,. . . , d, are in general position. We will give one of these con- 
ditions which will be used in our considerations. 
Lemma 1.1. For a web AGW(6,3,2) the following inequality holds: 
Proof. Suppose that 
x+x- A-po. 
51 62 52 (1.8) 
Then, using (1.8), one easily finds that the foliations X5,Xs and the distribution de- 
fined by the system y” + yz = 0 (all three are of codimension r) have a common 
r-dimensional distribution defined by the system 
while, in general, they have three different r-dimensional distributions as their mutual 
intersections. This proves that assumption (1.8) contradicts to the definition of a web, 
and therefore inequality (1.7) holds. Cl 
The forms {yi}, cr = 1,2,3, for th e web AGW(6,3,2) define a co-frame in the 
cotangent bundle T*(X6) and satisfy the following structure equations (see [19] or [22]): 
(1.10) 
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where the quantities c$, and b i. 0&l are connected 
[19]). We indicate some of these relations: 
at =O, 
,,Jk 
n 
by certain relations (see [12,13] or 
(1.11) 
The quantities .2pik and $l;, form tensor fields in the tangent bundle T(X6) which are 
called the torszon and curvature tensor fields of the web AGW(6,3,2), respectively. 
(1.16) 
(1.17) 
(1.18) 
(1.19) 
Equations (1.14) and (1.11) show that the curvature tensor of AGW(6,3,2) is ex- 
pressed in terms of the Pfaffian derivatives of its torsion tensor and the torsion tensor 
itself. 
It follows from equations (1.2), (1.9) and (1.11) that 
dwi = yj A w;, 
4 
(1.20) 
i.e. the equations y ’ = 0 are completely integrable. 
Now we wiII find the conditions of complete integrabihty of equations wi = 0, a = 
5,6. Exterior differentiation of 
terms of the co-basis forms 0’: OI 
(1.4) show that the differentials d,X, are gxpressed in 
(1.21) 
In addition, using (1.21) and (1.9), one gets after this differentiation that the complete 
integrability will take the place if and only if the following equations hold: 
(1.22) 
and 
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$J$ = (2 - A@)$, -I- $l- A)$ - .x,(1 - $)$k. 
Equations (1.24) and (1.13) show that 
aybfk = -aybij- 
(1.24) 
(1.25) 
Under conditions 
following form: 
dwi = 
0 
Finally, in what 
rior differentiation 
lemma give 
vail k - 
(1.22) and (1.23), the exterior differential of the forms yi has the 
~j A {~~ + [~~~jS~(l - ~)PJ~j]~k 
+[bjsl(l- ,X2)~tjl';'")' 
(1.26) 
follows we will need the prolongation of equations (1.21). The exte- 
of these equations (1.19) and subsequent application of the Cartan 
(1.27) 
(1.28) 
2. Webs AGW(6,3,2) of maximum a-rank 
2.1. The ~-R-H& of webs W(6,3,2) 
In this section we shah study the 2-rank problems for webs W(6,3,2). Let us first 
to define the a-rank of webs W(6,3,2) 
Suppose that the leaves of the tth foliation of a web W(6,3,2) are given as level sets 
of functions u<(z) : 
u;(x) = const., 5 = 1,...,6. 
The functions u<(z) are defined up to a local diffeomorphism in the space of ‘LLE(Z). 
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An exterior 2-equation of the form 
j = 1,2, (2.1) 
[=1 
is said to be an abelian 2-equation. The maximum number Rz of linearly independent 
abelian 2-equations admitted by the W(6,3,2) is called the 2-runlcof the web W(6,3,2). 
It follows from the definition that the coefficients fr are constant on the leaves of 
the [th foliation of W(6,3,2). 
If there exists an upper bound 7r2(6,3,2) of R2, then R2 < x2(6,3,2). 
These definitions are due to P. A. Griffiths who gave in [23] a more general definition 
of the q-rank for the webs W(d, n, r) of codimension r, 1 < 4 f T. 
Now we will formulate for the web W(6,3,2) and an abelian 2-equation the lemma 
which was proved in [14] ( see also [19] or [22]) for the general web W(d, n,r) and an 
abelian r-equation: 
Lemma 2.1. suppose that the leaves of the tth foliation of a web W(6,3,2) are given 
by a completely integrable system yi = 0, i = 1,2; f = 1,. . . ,6. A 2-equation of the 
f orm 
6 
c 
Fr “;‘I A y2 = 0 (2.2) 
(=l 
is an abelian 2-equation if and only if the exterior difierential of each of its term 
vanishes. 
Note that there are two differences between (2.1) and (2.2): Ft does not only depend 
on the u{ and, in general, the forms yi are not closed forms. 
2.2. The analytical conditions for maximum 2-rank webs AGW(6,3,2) 
Suppose again that the leaves of the foliations Xt of an almost Grassmannizable web 
AGW(6,3,2) are given by equations (1.1). Th en we can write an abelian 2-equation 
for the web AGW(6,3,2) in the form: 
(2.3) 
where, according to Lemma 2.1, each term is a closed r-form. 
Using equations (1.2) and (1.5) and equating to zero coefficients of y1Ay2, ';" A y2, 
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y’ A y2, ‘;” A y2, ‘;” A y2, y1 A y2 in (2.3), we obtain 
o! + fi + UsA” + UsA” = 0, 
P+6+05~2+u6~2=o, 
7+6+05+06=0, 
6+~5S;,X,+a,~,X,=o, 
(2.4) 
6+fl5h +gS,l = 0, 
fi+u,S; tu6h = 0. 
Note that equations (2.4) are necessary and sufficient for equation (2.3) to be satisfied 
identically. 
It follows from (2.4) that 
-a=u5(~2- ;1)t"6(A2-$p 
-p = u5(X 
52 
2- ,x,)t"6(,x2-~), 
-Y=uS(l- ,1)tu6(1- a,), 
-b=u551tu6$ 
and, in addition, the following conditions are satisfied: 
(2.5) 
('5(;l - sI,,t 06(h - A) = 0, 
a531 - ;1)tu6h(l- A)= 0. 
System (2.6) with the unknowns ua, a = 5,6, has the determinant 
P-6) 
A = 4 A(1 - ,x, - 2) - 2 ,1(1- A - ,x,1* (2.7) 
If A # 0, then equation (2.7) implies ua = 0, and in this case we obtain from (2.5) 
that a = /3 = y = 6 = 0. So, there is no abehan equations and the 2-rank R2 = 0. 
Inequalities (1.6) show that the rank of the matrix of coefficients of system (2.6) cannot 
be equal to zero. Thus, there is only one possibility for the web AGW(6,3,2) admitting 
an abelian 2-equation: A = 0 or 
51 $1 - ,x, - 6;) = h $l- 51 - 6,). (2.3) 
Under condition (2.8), only one equation from (2.6) is independent: 
05(S; - ?1,)tu6(2 - a,)= 0. (2.9) 
Let us introduce the notation: 
c&J - A) = a’a, a = 5,6. 
Equations (2.9) and (2.10) imply that 
55 t 56 = 0. 
(2.10) 
(2.11) 
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If we denote &, by (T, then we will get from (2.5), (2.10) and (2.11) that 
,=(A -s:,fl, S = -B56u, 
Y = -&6~, 
cl 
-- 
u6= ,l-x 
62 
where 
1-x 1-A 
A56 = 
51-61 
X-X' 
61 62 
x x 
B56 = 
51-L. 
x-x X-X 
51 52 61 62 
(2.12) 
(2.13) 
It is easy to see that in the numerators of both of equations (2.13) the quantities ,1 
and X can be replaced respectively by X and X. 
Substituting (Y, p, y, 6, us and 0s from2(2.12)%to (2.3), we obtain 
6 
c 
q=o, (2.14) 
E=l 
where 
RI = (,1 - ,I)uyl A y2, 
02 = (A - ,x,)u,’ A Lf2) 
Rs = -A54 A L$, 
fld = -B59J A y2, (2.15) 
51 52 
i-k,=-+ 
61 62 
As we mentioned above, according to Lemma 2.1, each 2-form 52t is closed, i.e. 
dR( = 0. When we will take exterior differentials of (2.15), we will use equations (1.9), 
(1.20), (1.21), and (1.26). In addition, it follows from the cubic exterior equations ob- 
tained by exterior differentiation of (2.15) that the form do-uw: is alinear combination 
of the co-basis forms wi. It is convenient to write its expression in the form: OI 
da - uw; = u(yg + fk$ t pl;‘lc), (2.16) 
which, by means of (1.2) and (1.5), is equivalent to 
da - 0~; = u[(~I; - @~;t~ t (yk - c#$ - yk $1, (2.17) 
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Of 
(2.18) 
Note that equations (2.16) are convenient for differentiation of & in (2.15), while 
equations (2.17) and (2.18) are convenient for differentiation 04 and R, respectively. 
Equating to zero the coefficients in independent cubic exterior forms which are the 
terms of the cubic exterior equations dolt = 0, we obtain the following relations: 
xk- xk 
fk = .apk- 
5Ba 6& 
P&P x-x ’ 
5j 6fi 
Ak- AI, 
yk = ,a;k - 5’3 
6&3 
x-x ’ 
5ci 66 
&6~k = s;k + 
(1 - $,,x,k - (1 - $,&k 
(A - AI2 
(1 - $,,&k - (1 - A16jak 
c&g2 ’ 
B56(fk - yk) = 
$,&k - 523k) - $($&k - 5j3k) 
(A - g2 
#,&k - 6f!3k) - $(6$kk - 6$3k) 
- 9 
(2.19) 
+ ,a3k + c1 - $$k, 
where a, b = 5,6, & = 1,2, & # 8, and Ass and B56 are defined by (2.13). 
Substituting the expressions $ k, o = 1,2,3, taken from (2.19) into the equation 
(2.16), we obtain 
dlogcw,P+i: 
?k- Ak 
a& 5paA _“x”” &!,a= 1,2;&#j. (2.20) 
a=1 58 6j 
In addition, if we equate different expressions for Ck which equations (2.19) give, we o( 
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get the following conditions: 
?. k - ?. k 
A ab gik - a pk - a”i _ y” 
3&P 
. . 
) 
= 
c 
(1 - ?,)$- (:- ,r-,,,x,k 
c Q-$1” ’ 
(2.21) 
where S,fi = 1,2; h # p; a,b,c = 5,6; a # b. 
There are 2(1+ 2 + 4 f 2) = 18 equations in (2.21). In addition to them, we have 
six more equations, which are obtained by differentiating equation (2.8) with the help 
of (1.21) and equating to zero the coefficients in independent l-forms wk: OI 
where a = 1,2,3; k = 1,2. 
We will obtain the remaining conditions for the maximum 2-rank webs AGW(6,3,2) 
by differentiating equation (2.20), equating to zero the coefficients in the independent 
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exterior quadratic terms w’ A y” c1 and using (l.lO), (1.12), (1.27) and (1.28): 
145 
(2.23) 
We will now establish a geometric meaning of conditions (2.23). Let us consider an 
affine connection r which is defined on the manifold X6 by the forms wt = {ti}, I, 77 = 
1,2,3,4,5,6; o = 1,2,3; i= 1,2, and 
(Gij) = (2.24) 
where 
q = wj + (2.25) 
The connection 7 is equiaffine if and only if (see [ll]) 
di$ = 0. (2.26) 
Since, by (2.24), ij,$ = 3i.Z:, condition (2.26) for the connection 7 to be equiaffine can 
be written as 
di$ = 0. (2.27) 
Equations (2.25) h s ow that conditions (2.23) are necessary and sufficient for (2.27), i.e. 
for the connection r to be equiaffine. 
We will conclude this subsection giving three conditions, each equivalent to equation 
(2.8), and two inequalities which will be used in our further considerations. 
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Lemma 2.2. Condition (2.8) is equivalent to each 
’ - i _ W a& Ax-x -- bh 
l- x XX-X’ 
aB b-i aB bh 
and 
1-A 
aa 
l- x 
4 & b& ba 
x 
bir ’ 
of the following equations: 
(2.28) 
(2.29) 
(2.30) 
(2.31) 
where a = 5,6; a # b; &, p = 1,2; ii # b. 
Proof. The equivalence of (2.8) and any of equations (2.28)-(2.31) is verified by direct 
calculation. Cl 
Lemma 2.3. The quantities A56 and E&G, introduced in (2.13), are different from 0: 
A56 # 0, B56 # 0. (2.32) 
Proof. If Ass = 0, then 
1-x 1-X 
al - -- bl 
1-X 1-x’ 
(2.33) 
a2 b2 
Equations (2.31) and (2.33) imply ,1> - A ,X, = 0 which contradicts (1.6). So, Ass # 0. 
The inequality Bss # 0 follows from tl.6). Cl 
2.3. Geometric meanings of the condition (2.8) 
Condition (2.8) was obtained in the Subsection 2.1 as the condition which is nec- 
essary for a web AGW(6,3,2) to have the positive rank R2. We will now find a few 
geometric meanings of this condition. 
1. Consider now the web normals w1 A w 2. They belong to a g-dimensional space. 
It follows from equations (1.5) that thi ma& of their coordinates with respect to the 
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is 
(2.34) 
It is easy to see that the 6 by 9 matrix (2.34) has the rank less than 6 if and only if 
condition (2.8) holds. In another words, the six web normals are 1inearEy dependent, i.e. 
the web AGW(6,3,2) admits at least one abelian 2-equation, if and only if condition 
(2.8) holds. 
2. Let us consider three distributions of codimension two defined by the equations: 
yi + L$ + yi = 0, 
xoi + g + ,1 ,xzL$ = 0, 
51 1 
(2.35) 
Awi+a,lfit~ &“=O. 
61 1 
Note that the first of these distributions is the foliation X4 of the web AGW(6,3,2). 
The tangent 4-planes to the 4-surfaces of these three distributions passing through 
a point p E D have the following equations: 
(2.36) 
It is easy to see that the first two 4-planes defined by (2.36) intersect each other at 
the 2-plane defined by the equations: 
xi = ,X,(1 - ,I)t$ 
x; = $A - 1)ti, 
z; = (s; - ,x)t’, 
(2.37) 
where ti, i = 1,2, are parameters. 
One readily see that the third 4-plane defined by the last equations of (2.36) passes 
through the 2-plane (2.37) if and only if condition (2.8) holds. 
In this case three distributions (2.35) of codimension 2 have a common distribution 
of codimension 4 whose tangent 2-plane at the point p E D is defined by (2.37). 
On the other hand, condition (2.8) which is equivalent to the condition A = 0 
(see (2.7)), is necessary and sufficient for 6 hyperplanes defined by equations (2.36) to 
have an intersection of dimension higher than one. This follows from the fact that the 
determinant of system (2.36) is equal to A2. 
148 V. V. Goldberg 
3. First let us make the following remark. According to [8], a special ruled surface 
(a Veronese surface in our case n = 3-see [24]) S in P5 may be constructed by 
taking two skew two-dimensional subspaces P2, Pr2 spanning P5 together with rational 
normal curves C E P2 and C’ E P’ 2 in projective correspondence and letting S be the 
surface of oar lines obtained by joining corresponding points of C and C’. In suitable 
coordinates a Veronese surface is the image of P’ x P1 under the map 
(t,s) * [1,t,t2; s,st,st2]. 
The lines Q(t) on S are obtained by holding t fixed. They all have a common linear 
parameter s, and are therefore all in projective correspondence with corresponding 
points spanning a P2(s). Note that P2(0) = P2, P2(ca) = P12. 
In the space spanned by the forms w ‘, [ = 1,2,3,4,5,6, we consider a basis 
{wr},o = 1,2,3. The coordinates of the’ forms yl, 
tgthis basis are: 
t = 1,2,3,4,5,6, with respect 
‘;‘I = (l,O,O) := Al, 
‘;‘l = (O,l,O) := A2, 
L$ = (O,O, 1) := Ax, 
y1 = (-1, -1, -1) := A4, 
‘;” = (-,?, 4, -1) := A5, 
$ = (-,1,-A,, -1) := A6. 
(2.38) 
One can easily see that six points At defined by (2.38) belong to a conic C which is 
determined by the equation 
2 
c auvxuxv = 0 
u,?J=o 
(2.39) 
if and only if 
and 
a00 = all = a22 = 0 
a10 + a20 + a12 = 0, 
(2.40) 
~a1otS;a20+-;1 ,Xza12 = 0, (2.41) 
&hot $20+ 61 $312 = 0. 
System (2.41) has a non-trivial solution if and only if condition (2.8) holds. This solution 
is: 
a10 = ,x,(1- $a, 
a20 = A(1 - ,x,,a, (2.42) 
a12 = (s; -,x,>% 
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where a is a parameter. Using conditions (2.40) and (2.41), we can write equation 
(2.39) of the conic C in the form 
;\,(l - $2051 - A(1 - $2022 + (A - ;5,w2 = 0. (2.43) 
If we consider the space spanned by the forms w2, [ = 1,2,3,4,5,6, then in a 
similar manner we can prove that these forms belongC to a conic C’ which in the basis 
{w2}, a = 1,2,3, has the same equation (2.43). 
?nequaIities (1.6) h s ow that the tonics C and C’ are non-degenerate. Therefore, they 
are rational normal curves given in projective planes and in projective correspondence. 
After a linear change of coordinates we may assume that C is given parametrically by 
t --t [1,t,t2]. (2.44) 
One can also obtain (2.44) observing that the conic C c P2 can be mapped onto 
the parabola z2 = 2: by an appropriate projective transformation of P2, letting xo = 1 
and taking 21 = t as a parameter. 
By (1.2) and (1.3), we can now write P5 = P(T,*) as the span of the P2 determined 
by the wi, (Y = 1,2,3, and the PI2 determined by w2, cr = 1,2,3, and in each 
of P2 Pp2 we found the rational normal curve (2.44) s%ch that setting t = tt gives 
w1 E ‘P2 and w2 E P’ 2 respectively. The tth web normal w1 A w2 may be considered 
a”s the line w’t sy’ which is just the line t = tt on the’ V&nese surface S given 
parametrica 6 y by 
(t, s) + [l, t, t2; s, st, SP]. (2.45) 
So, we proved the following theorem: 
Theorem 2.4. Let a web AGW(6,3,2) f o maximum 2-rank one is given in D c X”. 
Then 
i) The six web normals are linearly dependent. 
ii) The 4-plane defined by the last equations of (2.36) passes through the 2-plane 
(2.37). 
iii) The 6 hyperplanes defined by equations (2.36) h ave an intersection of dimension 
higher than one. 
iv) There is defined a field of special ruled ( Veronese) surfaces S(p) c PT; such 
that the six web normals are lines belonging to S. In addition, the web normals are 
all in projective correspondence, written y (p)Av(p), 1 ,< [, 77 Q 6, with corresponding 
points spanning a P2 in PT;. 
2.4. Description of maximum 2-rank webs AGW(6,3,2) 
As we saw, a maximum P-rank web AGW(6,3,2) is analytically defined by equa- 
tions (1.2), (1.3), (1.5), (1.6)-(1.7), (1.9)-(1.19), (1.21)-(1.28), (2.8) and (2.20)-(2.23). 
Note that the equations from Section 1 hold for any web AGW(6,3,2). The webs 
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AGW(6,3,2) f o maximum 2-rank are distinguished by conditions (2.8) and (2.20)- 
(2.23). We have already established a geometric meaning of conditions (2.8) (Theorem 
2.4) and (2.23) (they are necessary and sufficient for the connection 7 to be equiaffine). 
Equation (2.20) is completely integrable under conditions (2.23), and its integration 
gives a function cr which after being substituted into (2.14) produces the only abelian 
2-equation for the web AGW(6,3,2) f o maximum 2-rank. This proves that the max- 
imum 2-rank is equal to one. Note that this number can be also obtained from the 
Chern-Griffiths formula for an upper bound for the rank of a web W(d, n, T) (see [8] or 
[22]). As to conditions (2.21) and (2.22), they are additional conditions for a maximum 
2-rank web AGW(6,3,2). 
The following theorem summarizes all these results and gives a description of max- 
imum 2-rank webs AGW(6,3,2). 
Theorem 2.5. An almost Grassmannizable web AGW(6,3,2) is of maximum 2-rank 
one if and only if the following conditions are satisfied: 
i) Its torsion tensor a i.k, 
conditions (2.21) and (2”.822). 
basis afinors i and their Pfafian derivatives $ satisfy 
ii) One of the conditions listed in Theorem 2.4 holds. 
iii) The afine connection 5 determined by the forms ~6 = (wi> and the forms C;$ 
(see (2.24) and (2.25)) is equiafine. The only abelian equation f:r such a web has the 
form (2.14) where the function u satisfies completely integrable equation (2.20). 
Note that conditions (2.21) and (2.22) are complicated and we were not able to give 
them a geometric description. In addition, although we found an affine connection r 
whose equiaffinity is one of the conditions for a web AGW(6,3,2) to be of maximum 
2-rank, we did not find a geometric object with which this connection is intrinsically 
associated. So, Theorem 2.5 describes a web AGW(6,3,2) of maximum 2-rank not in 
pure geometric terms. 
In the next section we consider a special class of maximum 2-rank webs AGW(6,3,2) 
for which we will be able to give a pure geometric description. 
3. Maximum a-rank webs AGW(6,3,2) with constant basis affinors 
Equations (1.22), (1.23), (2.21) and (2.22) relate the basic affinors A, their Pfaffian 
derivatives ? k and the contracted components a plc and a i of tgg torsion tensor 
a tk. These%p_rations are rather complicated. Tc?make th:m ‘easier for observation 
&us consider the simplest case of the webs AGW(6,3,2) of maximum 2-rank-webs) 
with the constant basis afinors, i.e. webs AGW(6,3,2) for which all the coefficients of 
equation (1.5) are constant: 
X = const. 
aa (3.1) 
It follows from equations (1.21) that in this case 
Ak=oo. 
ah4 (3.2) 
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Conditions (3.2) being substituted into equations (1.22) and (1.23) imply 
and 
$L,] = 0 (3.3) 
(,X,-,hz)ejli+,Xz(l-a,)~~,-~(l-,Xz)za~k=O, e=5,6. (3.4) 
First note that condition (2.8) implies that two equations (3.4) are proportional. So, 
only one of them is essential. 
Secondly, calculating the torsion tensors of all 15 3-subwebs [[,v,<] of the web 
AGW(6,3,2), one can easily see that condition (3.3) gives the vanishing all these 
torsion tensors (for the reduct 3-subwebs [o, ,L?, +y] and [4, Q, ,B] defined by the foliations 
X,,Xp,X, and X4,Xa,Xo respectively, this calculation can be found in [la], [13] or 
[19]). Thus, the webs AGW(6,3,2) with constant basis afinors have all its redvct 3- 
subwebs isoclinicly geodesic. In what follows we will call webs AGW(6,3,2) with the 
vanishing skew-symetric part of its torsion tensor (or with all its reduct 3-subwebs 
isoclinicly geodesic) isoclinicly geodesic. 
Next, one can easily see that equations (3.2) make equations (2.22) identically sat- 
isfied. Moreover, inequalities (2.32) show that equations (2.21) are converted into the 
conditions: 
g;I; = g;k = $Ek = ak- 
Contracting equation (1.14) in i and j and using (3.3) and (3.5), we find 
P - 
,“;k = $pk - ,9Ek = ak = 0. 
Equations (1.12) and (3.6) imply 
(3.5) 
(3.6) 
P 
&pkm = $1 ikm + zik,(4im = & Ekm + ~~k~~m~ 
P 
&pkm = 
CLP 
312 pkm + $ikzim = I!&Ekm + ,“,ikfiimy 
3y3ikm = ,f3gkm + gikgim = zf3ikm + zik$im* 
Using (3.6) and (1.3), we can write condition (2.20) in the form: 
dloga = w;. 
Exterior differentiation of (3.8) leads to 
(3.7) 
(3.8) 
dwp = 0 
P ’ 
which by means of (1.18) and (3.7) implies 
(3.9) 
bP -gPmk = 0, CY # P. (3.10) 
Note that one can also obtain equations (3.10) from (2.23) and (3.2), (3.6) and (3.7). 
It can be seen from structure equations (1.9) and (1.10) (cf. [12], [13], [19]) that on 
the manifold X6 a web W(6,3,2) defines an affine connection y which is determined 
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bytheformswt={w’}, t,q=1,2,3,4,5,6; o=1,2,3; i=1,2,and cl 
Equation (3.9), which holds under conditions (3.10), shows (see [ll]) that the afine 
connection y is equiafine. 
So, in the case of the maximum 2-rank webs AGW(6,3,2) with constant basis affinors 
we have the following analytic conditions: (2.8), (3.1), (3.2), (3.3), (3.4), (3.6), (3.7), 
(3.8) and (3.10), and we have already established a geometric meaning of each of these 
conditions. 
The following theorem summarizes all these results: 
Theorem 3.1. An almost Grassmannitable web AGW(6,3,2) with constant basis afi- 
nors is of maximum 2-rank one if and only if the following conditions are satisfied: 
i) A web W(6,3,2) is isoclinicly geodesic. 
ii) One of the conditions listed in Theorem 2.4 holds. 
iii) The affine connection y defined in X6 by the web AGW(6,3,2) is equiafine. 
The only abelian equation for such a web has the form (2.14) where the function o 
satisfies the completely integrable equation (3.8). 
Suppose now that we have an isoclinicly geodesic 4-web W(4,3,2). So, we have 
equations (1.2), (1.9)-(1.20), and (3.3). 
We will try to expand it to a maximum 2-rank web AGW(6,3,2) with constant 
basis affinors. 
If the foliations X,, a = 5,6, are given by the equations wi = 0, a = 5,6; i = 1,2, 
where wi are determined by (1.3) and (3.1), then these two foliations are integrable if 
and only if conditions (3.4) hold. Note that conditions (3.4) can be written in the form 
(3.11) 
One can easily check that two equations (3.11) imply condition (2.8) which character- 
izes the maximum 2-rank webs AGW( 6,3,2). This proves 
Theorem 3.2. If an isoclinicly geodesic 4-web W(4,3,2) is extended to a web 
AGW(6,3,2) with constant basis afinors, then the latter web is of maximum 2-rank 
one. 
Let us find in conclusion of this section an example of a web AGW(6,3,2) with 
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constant basis affinors. For this we should find a 2 by 2 matrix 
such that its elements satisfy condition (2.8). There are many possibilities for such a 
choice. For example, we can take 
I (3.12) 
(3.13) 
For the webs AGW(6,3,2) with the matrix (A) of the form (3.12) or (3.13) equation 
(2.43) of the conic C has respectively the form: 
3xeXr + 2X0X2 - 52122 = 0, (3.14) 
or 
2xuxr - 3xexz + 2122 = 0, (3.15) 
and the only abelian 2-equation (2.14) will be respectively of the form 
or 
70a$ A y2 + 105$ A “;’ -I- 42ai;l’ A y2 
- 21oL;r’ A ‘;‘2 - 12u$ A 4;‘2 - 9$ A l$ = 0, 
56u$ A y2 - 56u$ A y2 - 600$ A y2 
- 6Ou$ A y2 + 144u$ A $ - 144~~~ A y2 = 0, 
(3.16) 
(3.17) 
where u is a solution of completely integrable equation (3.8). 
Note that in (3.12) the difference between 1 and the sum of the elements of one 
diagonal is the reciprocal of the product of the elements of another one while in (3.13) 
the elements of each diagonal adds up to 1. Both choices guarantee that condition (2.8) 
will be satisfied. 
4. Description of 
AGW(8,3,2) 
general maximum 2-rank almost Grassmannizable webs 
In Theorem 2.5 (Section 2.4) we gave a description of maximum 2-rank almost 
Grassmannizable webs AGW(6,3,2). A s we noted, this description was partly of ana- 
lytical nature and an affine connection, whose equiaffinity was one of the conditions for 
a web AGW(6,3,2) t o b e of maximum 2-rank, was not intrinsically associated with a 
geometric object. 
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This was the reason for consideration of the maximum 2-rank webs AGW(6,3,2) 
with constant basis affinors in Section 3. The description of such webs (Theorem 3.1) 
is of pure geometric nature and does not have the deficiences mentioned above. 
In this section we will find a description of the general maximum 2-rank almost 
Grassmannizable webs AGW(6,3,2). 
We will prove that there are two types of such webs: the so-called simple webs 
AGW(6,3,2) f o maximum 2-rank (they do not possess transversal subwebs W(6,3,1) 
-see the definition below) necessarily have constant basis affinors, and therefore their 
description is given by Theorem 3.1, and the general almost Grassmannizable web- 
s AGW(6,3,2) f o maximum 2-rank: they are isoclinicly geodesic, admit transversal 
subwebs W(6,3, l), have a special structure of the torsion tensor, their basis affinors 
and a co-vector defining the subweb W(6,3,1) are solutions of a certain completely 
integrable system of differential equations, they satisfy one of the conditions listed in 
Theorem 2.4 and the connection forms of the affine connection 7 (which according to 
Theorem 2.5 should be equiaffine for them) have a simpler form. 
To formulate this result we recall some notions and equations from our paper [al] 
and define simple webs AGW(6,3,2). 
According to [21], a web W(6,3,2) may possess only one kind of transversal subwebs, 
namely the webs E = W(6,3,1). 
As was proved in [21], the embedding f : fi + D, 5 c X3, D c X6 of the subweb 
space 5 of I? into the web space D of AGW(6,3,2) in the adapted co-frame {t}, Q = 
1,2,3, is defined by the equations 
*i = @, OL (4.1) 
the leaves of six foliations of W are defined by the equations 
8=0, Q c 9 = 0, xe+Af+f=o, al 1 
a = 5,6, 
a (4.2) 
a 
the forms 0 satisfy the equations 01 
df=~/\B+~jifA$, de = c ,baf A f, (4.3) 
P#a a,P 
and the functions ti, a i up3k, zP, ,$,, and 5 are related by 
If we exclude t from (4.1), we obtain the equations 
21 I$ ff -Lf1L$2=o. 
Introducing the notations 
[r = -212, t2 = Ul, 
we can write equations (4.5) in the form 
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UjWi = 0. (4.7) 
Equationsa(4..5), (4.6), (4.4) and (1.9) show that equations (4.7lare completely 
integrable, i.e. the web AGW(6,3,2) admit a transversal subweb W, if and only if 
the co-vector u; is connected with the torsion tensor of the web AGW(6,3,2) by the 
following relations: 
upa& = 0. P-8) 
In the case when u; = 0, the web AGW(6,3,2) d oes not possess a S-dimensional 
transversal subweb %. We will call such webs AGW(6,3,2) simple webs. 
The purpose of this section is to prove the following theorem: 
Theorem 4.1. The maximum 2-rank almost Grassmannizable webs AGW(6,3,2) can 
be of two kinds: 
a) If they are simple, they necessarily have constant basis afinors, and their de- 
scription is given in Theorem 3.1. 
b) A nonsimple almost Grassmannizable web AGW(6,3,2) is of maximum 2-rank 
if and only if it satisfies the following conditions: 
i) A web AGW(6,3,2) is isoclinicly geodesic. 
ii) One of the conditions listed in Theorem 2.4 holds. 
iii) A web AGW(6,3,2) admits a 3-dimensional transversal subweb % = 
W(6,3,9 
f 
iv) The components of the torsion tensor ?,& of the web AGW(6,3,2) have the 
orm: 
where the tensor tik is symmetric, tEk = 0 and uptqk = 0. 
v) The components A, a = 5,6; & = 1,2, of the basis afi_nor of the web 
AGW(6,3,2) and the co-i&or ui, defining the transversal subweb W, are solutions 
of the following completely integrable system of differential equations: 
(4.10) 
where VUk = duk - UiWiy and 
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vi) The afine connection 7 determined by the forms w( = {wi} and the forms i$, 
(see (2.24) and (2.25)) is e uia q fJt ne. The forms LZj defining 2;; (cf.=(2.24)) are expressed 
(4.11) 
The only abelian equation for both kinds of maximum 2-rank webs AGW(6,3,2) has 
the form (2.14) h w ere the function u satisfies the completely integrable equation (2.20). 
To prove this theorem, we should analyze equations (1.22), (1.23), (2.21) and (2.22). 
In considerations of this section inequality (1.7): 
A-sl+kA? (4.12) 
will play an important role. 
We will prove Theorem 4.1 after proving a few propositions. 
First we will investigate equations (1.22) and (1.23) for a general web AGW(6,3,2) 
(not necessarily of maximum 2-rank). 
First note that since r = 2, the skew-symmetric part ,apbkl of the torsion tensor CZ$, 
can be always represented as [26]: 
where, as it easy to see, 
!d = 2$iPl 
(4.13) 
(4.14) 
and 
bj = -:@j. 
PQ 
(4.15) 
Proposition 4.2. Equations (1.22) and (1.23) are equivalent to the following equa- 
tions: 
(4.16) 
where 
(4.17) 
(4.18) 
(4.19) 
at$l; is defined by (1.24) and a,b=5,6, &,p= 1,2, &#b. 
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Proof. Contracting (1.22) first with respect to i and j and next with respect to i and 
Ic and using equations (4.13), 
(4.16) into (1.22) 
we obtain equations (4.16). Substitution of a$& from 
makes the latter equations identically satisfied. 
Contracting (1.23) first with respect to i and j and next with respect to i and k and 
using the notation U i from (1.24), we obtain 
&BJk 
Solving system (4.20) and using notations afbk from (4.19), we obtain 
Substituting a?$ from (4.21) into (1.23), we get 
(4.20) 
(4.21) 
(4.22) 
Using the decomposition f$k = ,aabkl + u,ijk) and (4.13)-(4.14), we can write (4.22) 
in the form of (4.18). Cl 
Proposition 4.3. An almost Grassmannizable web AGW(6,3,2) of maximum 2-rank 
is isoclinicly geodesic. 
Proof. If we substitute the quantities A. k and A. k from (4.16) and (4.17) into (2.22), 
then multiply the equation (2.22) takeyyor cr =“??first by - X and second by -,X, and 
add the results to the equation (2.22) taken respectively for’& - 1,2, we obtain 
(4.23) 
where 
p=l-A-61, 
52 
q=l-x-x. 
51 62 
(4.24) 
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Equations (4.23) imply 
Under condition (4.25), two equations (4.23) are equivalent. So, equations (2.22) are 
equivalent to (2.22) taken for (Y = 3, the first equation of (4.23) and equation (4.25). 
Next, if we substitute the quantities ai& and a$ from (4.16) and (4.17) into the 
third group of equations (2.21), we get 
x-x 
xk+ 
‘-‘XI, 
513 ii - ,x, 623 
52 
=a P 
21 pk -,‘:&- 
r 
(l- A)$, + 
x - ,1” 
51 
bk 
A-gxzl3 
51 
-I 
xkt z_-L?LAk 
523 x - ,1 613 
51 
=U, P 
lzpk -,x,$;k+- ?,,,a,;k- 
r 
x - x2 
52 52 
bk 
X-A23 
51 -I 
1 
+ 3 I &BSZk - 2k) - &!24 ’ 
51 61 51 
x - x 
x - x2 
=a P 
21 pk -,l,a,;k-(l-,l)$k+‘Mik 
x-x 
xk+ A2-2LXk 
623 x - x 513 
ii ii 
x-x2 
=a P lzpk - ,x,,,;k - (l- a,)$k + “;, _6i &k 
61 r -I 
(4.26) 
1 
t yj &(z2k-22k)+LSk x - A 612 * 
51 61 61 J 
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Equations (4.26) containing the same pairs of a& imply two conditions: 
(4.27) 
Condition (2.30) allows to verify that two equations (4.27) are equivalent. So, the 
third group of equations (2.21) is equivalent to the first two of equations (4.26) and 
the first equation of (4.27). 
If we substitute 5i3k (or 6$3/F) from (4.26) into the first equation (2.21), then by 
means of (4.26) we get 
As a result, the first equation of (2.21) will be satisfied identically. 
Using equations (4.28) and (2.30), we can reduce condition (4.25) to 
,1(1- A)(,l - ,x,)(2 f Gx, - sx, - ,1)p,k = 0. (4.29) 
By (1.6) and (4.12), equations (4.28) and (4.29) imply 
jPk = 0. (4.30) 
It follows from equations (4.13)and (4.30) that 
$jk] = ‘, (4.31) 
i.e. the web AGW(6,3,2) f o maximum 2-rank is isoclinicly geodesic (cf. Section 3). 0 
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Proof of Theorem 4.1. As it follows from our proof of Proposition 4.3, for the webs 
AGW(6,3,2) f o maximum 2-rank the first equation of (2.21), the last two equations of 
the third group of (2.21) and the first two equations of (2.22) are satisfied identically. 
In addition, equations (4.31) imply that the quantities _$, defined by (4.19) are 
simplified: 
It follows from (4.32) and (4.18) that, as was the case for the maximum rank webs 
AGW(6,3,2) with constant basis affinors, we have equation (3.4): 
(,1 - ,l)$k + ,x,(1 - .l,a,Sk - ,1(1- 
As we noticed in Section 3.3, by (2.8), only 
Equations (4.33), (1.24) and (4.19) show that 
;,,a;, = O, a = 5,6. (4.33) 
one of equations (4.33) is essential. 
$k = 0, s - 0. a*/?” - 
(4.34) 
By (4.30) and (4.34), equations (4.16) and (4.17) are reduced to 
(4.35) 
Finally, note that by (4.35) and (1.5), equations (1.21) can be written in the form 
dX = -&&.dk. a& a 
Next, by equations (4.31) and (1.13), equation (1.14) becomes 
(4.36) 
Solving equations (4.33) and (4.37) with respect to $k, we get 
,j, = t2;1s; - 51 - ,x,,& 
fi;k = (2,r; - x - ,1,)t;k, 
52 
,j, = (2h - ,1 - ,1&k. 
(4.38) 
We obtained equations (4.38) taking a = 5 in (4.33). If we take a = 6, we obtain 
equivalent expressions of ZJ,. 
Using conditions (4.34), (4.38) and identities (2.28), (2.29), (2.31), we obtain from 
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the equations (2.21) the following equations: 
(A - ,$Jak t (;1 - ,l)& = -3?(1 - ;1)(;1 - ,x&y 
(,1 - ,1)&3k + (,x, - ,x,)k3k = -3$1- ,1)(;\ - ,x,)tk, 
x x Ak+x x xk=o, 
51 62 523 52 61 623 
&$5$3k + 6 ,‘: 6+3k = 351 ,x,<l - $(A - ,x,h 
51 Gx, 5$3k + ,x, 61 6;3k = -3A ,$(l - ,x)(,l - ,x,k (4.39) 
?, Gx, 5$3k+ ii 616i3k=3tk 
&,I> ’ 
x A Ak+AA 6$3k=-3tk 
,x, ,x,(1 - a,)(B 61 - ,1 a) 
51 62 523 
(;l-a;) ’ 
where tk = t;k. It follows from (4.39) that 
tk = 0. (4.40) 
Equation (4.40) imply that there are only three independent equations in (4.39): 
(s; - b,,;3k + (s; - ,l)d3k = O, 
(;1 - ,$A3k + (A - ,“),;\,k = O, (4.41) 
x /! x,,+x x xI,=O. 
51 62 523 52 61 623 
Equations (4.41) connect the quantities ai3k. The general solution of these equations 
can be written in the form: 
5+3k = -,1 ,x,(2 - ,1bk, 
5$3k = -,x, ,x,(h - ibk, 
6!3k = ,x, ,x,(A - a,bk, 
,i3k = 51 ,x(,x, - ,1bk, 
where Uk iS a CO-V&Or. 
Equations (4.42) 11 a ow us to write differential equations (4.36) in the form: 
(4.42) 
(4.43) 
By (4.43), (4.42) and (4.38), th e exterior differentiation of equations (4.43) gives two 
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independent quadratic equations: 
(4.44) 
where Auk = duk - UjWi + ukdlog6 and 
6= xx-xx 
51 62 52 61’ 
dlogb=(S:gXZ+3:61_61GXZ)uj~‘+(51a,+B~-~SXz)Uj~’. 
(4.45) 
(4.46) 
Equation (4.44) shows that the form Auk is expressed in terms of the basis forms ~j. Q 
If we write its expression in the form 
Auk = C zkjyj, 
cl 
(4.47) 
then after substitution of expression (4.47) into the exterior quadratic equations (4.44) 
and equating to zero coefficients in the independent exterior products wJ’ A wk we (I c) 
obtain first that the functions tkj are symmetric in i and j: 
- 0. ~[kil - (4.48) 
Next, equating to zero the coefficients in yj A yk and using the symmetry (4.48), we 
obtain two equations for zkj, & = 1,2: 
x Vkj - h ‘fkj = ?; A(-;\, h + h A)Ujuk 
52 1 
+ (s; - ;\,,(s; + ,x, - 2,1 ,X,)“&k, 
h ykj - A ykj = 61 h(d h - A h)llj”k 
+ i;l $ - h - ,x) - A ,x(l - 51 - ,l)l”itfk, 
and their expressions in terms of ykj: 
ykj = 2 ykj - 51 h(i - h)ujuk 
+ (1 - &)(25; - ,x, - A 5X,ht;k, 
‘;“kj = A ‘$kj - A h(A - hz)vjuk 
+ (1 - 3(25x - 51 - ,1 SI,)%& 
(4.49) 
(4.50) 
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and 
‘;kj = d tkj + ;\, A(;1 - i)“juk 
+ (1 - ,1)(251 - ,x, - A ,X)Mjk, 
‘fkj = h ykj + 51 A(& - h)ujuk 
+ (l - 9(2;\, - ,1 - ,1 ;\,)+k 
(4.51) 
One can easily check that, by (4.50) and (4.51), equations (4.49) are satisfied iden- 
tically. 
Comparing equations (4.50) and (4.51), we obtain two equations for finding ‘;kj: 
ykj = (;) A + 2 A)ujuk + (2;\, - A - A h)%+k (4.52) 
and 
ykj = (A h + & A)ujuk + (2A - 2 - h $%$k* (4.53) 
Inequalities (1.6) show that equations (4.52) and (4.53) are consistent if and only if 
ut? =o Pak ’ (4.54) 
Equations (4.52) (or (4.53)) and (4.54) give 
ykj = (A A f h h)ujak* (4.55) 
Substituting t/kj from equation (4.54) into equation (4.50) (or (4.51)), we obtain 
‘i”kj = 51 A(A + i)ujuk, 
$+j = A A(s; + ,?)ujuk. 
Equations (4.46), (4.47), (4.55) and (4.56) imply 
(4.56) 
vuk = -[(;1 ,x, + 5x, ,l)(yj+ yj) 
+ (2 - ?)(A - a,)‘fjl”juk. (4.57) 
One can check by means of (4.57), (4.54), (1.26), (4.42) and (4.43), that exterior dif- 
ferentiation of equation (4.57) leads to the identity, i.e. the system formed by equations 
(4.43) and (4.57) is completely integrable. 
Equations (4.54) and (4.38) show that 
u a+o. P 43 (4.58) 
If $k # 0, i.e. when the torsion tensor of the web AGW(6,3,2) does not vanish 
(the reduct 4-subweb [4,1,2,3] of the web AGW(6,3,2) under consideration is not 
parallelizable [19]), then we obtain from (1.12), (4.57) and (4.58) the additional relation 
similar to (4.58): 
(4.59) 
164 V. V. Goldberg 
Using the same way, one can prove that the equations similar to (4.59) hold for the 
covariant derivatives of any order of the torsion tensor f$, of the web AGW(6,3,2) 
of maximum 2-rank: 
UP 
P 
QIQ~,,Os~~h...js = 0, 
s > 3. (4.60) 
Now we will consider two cases: 
Case 1: 
u; = 0. (4.61) 
In this case the almost GrassEannizable web AGW(6,3,2) does not possess a 3- 
dimensional transversal subweb IV, i.e. the web AGW(6,3,2) is a simple web. Equa- 
tions (4.61) and (4.43) prove that the maximum 2-rank simple webs AGW(6,3,2) have 
constant basis affinors, and therefore their description is given by Theorem 3.1. 
Case 2: 
ui # 0. 
Let us consider the equations (cf. (4.7)) 
(4.62) 
UiWZ = 0, a = 1,2,3; i = 1,2. 
Using (4.63) &rd (4.57) 
(4.63) 
, one easily checks that conditions (4.58) (cf. (4.8)) are necessary 
and sufficient for complete integrability of equations (4.63). Thus these equations define 
a 3-dimensional transversal subweb @ = W(6,3,1) of our web AGW(6,3,2) (see [al]). 
So, in this case the web AGW(6,3,2) of maximum 2-rank possesses a 3-dimensional 
transversal subweb $?. 
For this kind of webs of maximum 2-rank we have expressions (4.38) for its torsion 
tensor (cf. (4.9)), conditions (4.40), (4.54) and (4.58)-(4.60) (cf. (4.8) and (4.9)) and the 
completely integrable system of equations (4.43) and (4.57) for finding the components 
of the basis affinors of AGW(6,3,2) and the co-vector UL; (cf. (4.10)). In addition, using 
(4.35), (4.40) and (4.42), we reduce the equations (2.25) to the form (4.11) indicated 
in Theorem 4.1. 
Note that equations (4.4), (42), (4.57) and (4.63) allow us to find the curvature 
form of the transversal subweb IV: 
f3 = w;. (4.64) 
Conversely, the conditions i)-vi) indicated in Theorem 4.1 define a non-simple almost 
Grassmannizable web AGW(6,3,2) of maximum 2-rank. 
In particular, if u$, - , 0 i.e. in the case when the torsion tensor of the web 
AGW(6,3,2) vanishes (the reduct 4-subweb [4,1,2,3] of the web W(4,3,2) under 
consideration is parallelizable [19]), then tjrc = 0 (see (4.38)), equations (4.54) and 
(4.58)-(4.60) are identically satisfied. 
Note in conclusion, that in both cases the only abelian equation for both kinds of 
maximum 2-rank webs AGW(6,3,2) has the form (2.14) where the function o satisfies 
the completely integrable equation (2.20). q 
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